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LETTER TO THE EDITOR 

Configurational interactions in disordered and ordered 
alloys: general relations and phenomenological analysis 
for the Fcc-based Ni-Fe and NI-AI systems 

V G Vaks: and V V Kamyshenkot 
t I V Kurchatov Institute of Atomic Energy, Moscow 123182, USSR 
$ I N  Frantsevich Institute of Material Research Problenls, Krzhizhanovskogo 3, Kiev 
252680, USSR 

Received 31 December 1990 

Abstract. We discuss microscopic expressions for the configurational potentials V. in alloys 
using the KKR formalism and cluster-cumulant expansions. We note that V. must depend not 
only on the ConCentraIions but also on the long-range order parameters 7, in the alloy. The 
analysis of the experimental data on the short-range order, phase diagrams and thermo- 
dynamics of the Fcc-based Ni-Fe and Ni-AI systems appears to show that in the Ni,.,Fe, 
alloys thedependenceof V,,onbothxand 7 ,  isweak,whileintheNi, .,Al,ones thevariations 
of V. with x and (or) ordering are significant. 

To describe statistical properties of alloys, such as their ordering, decay, short-range 
order (SRO) effects etc, the use of Ising-like Hamiltonians is generally accepted, these 
being of the form (see e.g. [l-51) 

H = NV, + 2 V ~ N ,  + 2 V;*J'nieniB + 2 V ~ l ~ ~ k ~ n , w n , B n k y  + . . .. (1) 
i<,<* 

.Pf 
io/ 

HereN,isthe numberofatomsofthecxspecies,N = X,N,isthe totalnumberofatoms, 
the operator nit, is unity when the site i is occupied by an &-species atom and nia = 0 
otherwise, and the coefficients V$.. . iB will be called the configurational potentials. In 
the substitutional alloys to be discussed below the operators ni, at each i are bounded 
by the condition Zunis = 1, thus in the binary alloy A-B the Hamiltonian (1) can be 
expressed, for example. in terms of the niA operators only. 

In the original phenomenological approaches the potentials V,  in (1) were supposed 
to be constants independent of both the concentrations c, = N,/Nand the state of order 
in the alloy [l]. However, the microscopic estimates based on the coherent potential 
approximation (CPA) for the electronic structure of disordered alloys showed that the 
V, values can vary significantly with the concentration [24 ] .  The analysis of the SRO 
data for the alloys Ni,Cu,_, [6], as well as the calculations of [7], confirmed these 
estimates, revealingsharpvariationsof V,withx in thesealloys(which isconnected with 
the fact that the Femii level cF approaches the peak in the density of electronic states, 
N(E), whenx increases). However, the possible changes of Vn under the ordering of the 
alloy were apparently not discussed in the literature. In particular, in estimates of the 
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energy differences between different phases [4, 51 the V,, values in the ordered and 
disordered phases were always supposed to be the same. 

In this letter we note firstly that the potentials V. in (1) must, generally, vary with 
ordering, and the variations can be not small if the correspondingchangesof electronic 
structure are significant. Secondly, we present estimates of V, from the experimental 
data for the Fcc-based Ni-Fe and Ni-AI alloys, which, as they seem to be interesting 
themselves, may also illustrate the above considerations. 

In the theoretical discussion we consider only the 'electronic' contribution to 1" 
(that connected with the local lattice distortions is usually believed to be small for the 
substitutional alloys) and use the conventional approximations of the density functional 
theory (DFI') and the muffin-tin (MT) form for the electronic crystalline potential. Then 
the expression for the thermodynamic potential of electrons, Q ( p )  = E - pNe, cor- 
responding to their ground state at the given set {n ,3  of the occupation numbers in the 
KKR formalism has the form [8,4] 

51 - Q&) = - 1 Im Tr z*z8, 
JP d& In z + Udc@,,} + - 

Nn rc,.ao R, 

Here Q0@) is the free-electron value of 51; m', = (I:)- ' is the inverse of the scattering 
matrix at the site i occupied by the atom of species w ;  (rb)f;" = ~ 3 , ~ t k ~ ' ( c ) ,  where L 
denotes the angular momentum variables; and g is the KKR structural constant matrix. 
The term UdC describes the 'double counted' terms of the electron-electron interaction; 
it is a functional of the electronic density in the ~ ~ c e l l s ,  p&), which is related to the 
operator z (26) as [SI 

s 
(3) 

1 
p,*(r )  = - -1m d& Z ~ ( r ) Z ~ ( r ) r p ~ , '  

n I-, LL' 

where Z p ( r )  is the wave function in the MT potential Vie(r) [SI. The last term in (2a) 
correspondstotheCoulombrepuIsionofions,R, = /R ,  - RiI beingtheintersite distance. 

The expression (2a) can serve as a basis for the derivation of the configurational 
Hamiltonian (1) [2-4]; we can obtain microscopic expressions for V$.-ip, equating 
coefficients at n, .  . . ngin equations (1) and (20). For a system having a finite number 
of sites, such a definition would be unique. However, in the macroscopic system the 
expansion (1) is necessarily truncated after several terms with the smallest values of n 
and Rg. Then the adequacy of using such a truncated Hamiltonian H ,  to calculate the 
statistical propertiesisdetermined by the extent to which the resultsof theoperation of 
H ,  and the total H (1) on the configurations {nie}, making the main contribution to 
the statistical sum Z = Z exp(-H/T), are similar. In practice, expressions for H ,  are 
obtained with the use of various versions of the 'effective medium' approximation (CPA, 
the embedded cluster method (ECM) 13, 61, the cluster field approximation 191, etc). 
They correspond to regrouping terms and partial averaging in equation (2a) aiming to 
reduce it to the form (1) with the coefficients V;e~.~~~p decreasing as rapidly as possible 
with an increase of n or Rii. Hence, the V, values must be determined self-consistently, 
depending, therefore, on both the concentrationsand on the state of order of the alloy. 

The cluster-cumulant expansions [lo], analogous to those used in the statistical 
theory of alloys [ l l ,  121, may provide a natural basis for the construction of various 
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approximations for calculating V.. They correspond to introducing variational par- 
ameters into equations (2) which describe the effect of the surroundings on the n-site 
cluster under consideration. We shall consider them, using as an example the ‘single- 
site’approximations, such as the CPA or ECM (though the many-site approaches are also 
possible [9]). 

In the disordered alloy, each m; in (2) is written as a sum of the site-independent 
term m, and the deviation from it, A i  = m i  - m,: 

m’, = m, + A; m, = m:(&)6,6,,. 

Then we write In t in (2a) as a cumulant expansion: 

(4) 

+ In Qb + In Qb + In Q ! )  + . . . (5 )  

where 5, = (m, - g)-I and Q$:.k, = [l + (A: + A$ + . . . A$)zJ‘.  The analogous 
expansion can also be written for r in (26): 

z = zF 1 + x n i m ( Q b  -1) + nimnj6(Q& - Qb - Qb +1) + . . . . (6) [ ie icj.d I 
Inserting equations (5) and (6) in equation (2a) yields expansion (1). Hence, the 

term with the product of n operators n,, . . . nj8 corresponds to the contribution to H of 
the electron scattering at n different sites in the effective medium. If the operator z, 
describes the ‘averaged’ motion of electrons adequately, one may expect that these 
n-site contributions decrease sufficiently rapidly with the increase of n or Rij, so 
the convergence of expansion (1) for the significant configurations Inii} is acceptable. 

If all the terms of series (5) and (6) are taken into account, the Q value in (2) does 
not depend on m,, thus 6Q2/6m, = 0. However, such a dependence is present for the 
‘truncated’ Q = Q,, corresponding to a finite number of terms in the expansion. One 
may expect that the error is minimal if we choose m, to obey the condition 6Q,/6mC = 
0; this corresponds to variational formulations of the single-site approximations [13]. In 
varying the expression (20) over m,, the values ofp(r) and mb(p) can be kept constant? 
since in the DFrused the functional Q ( p )  obeys the variational equation SQ/Sp(r) = 0. 
Thus we can only vary z, and A’, over mc(&) in the first, ‘band‘ term of (5). Then allowing 
for only two first, single-site terms in equations (5) and (6) yields the CPA equations for 
m,: 

x n i c A i ( l  + z:Ai)-’  = N E  ceAe(l  + zPAe) - l  = 0. (7) 
in 

Here we took into account the ‘self-averaging’ of the sum over all the sites i in equation 
(7) and also the independence of m i  and A‘, on the site number i used in the single-site 
approximation. 

To find the configurational potentials V,  we must take into account the n-site cumu- 
lants with n 3 2 in equations (5) and (6 ) .  Hence, m, must be determined, generally 

t This point was indicated to us by N E Zein 
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speaking. from the same variational equation 6S2/6mC = 0, including these ,&e con- 
tributions to B. while in the previous calculations of V, [2-4,7] them, values were found 
from the CPA single-site equation (7). However, if the many-site terms are supposed to 
be smaller than the single-site ones by some parameter 6, then the contribution to S2 
from the correction m, - (mJCPA has the order 

In the ordered alloy the lattice sites i are divided into several non-equivalent sub- 
lattices i>. with the different concentrations (n,(iJ) = CA.. Thus, to adequately describe 
the electronic structure, the single-site CPA parameters m,(ii) = mi for different 
sublattices must be different [14] and can be found from the set of equations 
6Sl/bm: = 0. Therefore, the averaged quantities (Ai)  = A; and T! = T?* in the 
equations generalizing (7) depend on the type A of the sub-lattice, It is clear from 
equations (2)-(7) that the potentials V;e,..,"...J@ = Vn(iia,. . . j J3)  in (1) for different 
sublattices A , .  . . p are different too. In addition, all these potentials, including the 
'configuration-independent' terms VO and V,in (I), depend on all the ck and in particu- 
lar, on the order parameters q ,  in the alloy. 

The previous treatments [2-51 did not consider the changes of V, with ordering, 
supposing V,,(q,) = V(0). This is evidently reasonable if the changes of the electronic 
structure under the ordering are small (for example, when the constituents of the alloy 
havesimilar bandstructures). If. however, these changes aresignificant (as, forexample, 
in the FeTi alloy 1141) then the V, values must, generally, change noticeably under the 
ordering. 

Experimentally, the V, values can be estimated (in that or another approximation) 
from the phase diagram and thermodynamic data [IS, 161 or, more directly, from the 
SRO studies [6, 111. Below we present such estimates for the FCC-based Ni-Fe and Ni- 
AI alloys. Hence, to calculate statistical properties using the Hamiltonian (1). we used 
the cluster field method (CFM) described earlier [ll. 121. This is a simplified version of 
the known cluster variation method (CVM) [I] which is also convenient for considering 
the long-range interactions. Detailed analysis [ l l ,  121 has shown that for the V, values 
characteristic of the considered alloys, the accuracy of the employed versions of the CFM 
is rather high and, apparently, exceeds that of the experimental data used. 

Estimates of V ,  in the FCC alloys Nil _,Fe, were discussed in detail in papers [6] and 
[12]; here we summarize the results. The SRO was studied in  the disordered A1 phase 
with the diffuse scattering of neutrons at x = 0.235 [17] and x = 0.698 [18]. Since only 
pair correlation parameters are determined with this method. one must make some 
assumptionsabout thenon-pair,many-site termsin(l).Theassumptionofpurepairwise 
interactions, V,,, = 0, results in veIy sharp concentration dependencies of the poten- 
tials V; (see table 1) and in disagreement with the observed phase diagram (x, T) in the 
region x = 0.25 [6, 121. At the same time. the presence of the three-site interaction of 
nearest neighbours V $  = (200-250) K leads to much less variation of V," between x = 
0.235 and x = 0.698. Fi ure 1 shows the phase diagrams calculated with these V,s 
assuming both V ,  and V 2  to be concentration independent. The satisfactory agreement 
withexperiment,seenin thisfigure,canbecoosideredasasubstantiationofthe assump- 
tions about weak variations of the V. in Ni,-,Fe, with bothx and orderings. 

Note also that the ordering of the alloy results in the appearance of additional gaps 
or pseudogaps in the electron energy spectrum which usually correspond to some gain 
in the band energy. This gain, disregarded in the employed model, must enhance the 
transition temperatures T&), i.e. improve the agreement with experimental findings 
shown in figure 1. If one ascribes underestimating the calculated T,(x) in figure I to this 

and neglecting it is justified. 

. .  

8 
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Table 1. Pairwise configurational potentials VIA + Vi, - 2VjS = V2(R,,) (in K) in the 
disordered FCC alloys Ni,-,Fe, and Nit.xAlx as estimated from the SRO data [17,18,20] at 
various valuesof the three-site nearest-neighbour potential Vp. 

Alloy x T(K) Vy(K) 110 2W 211 220 310 222 321 400 330 411 

Ni-Fe 0.235 780 0 
-200 
-250 

~171 

Ni-Fe 0.698 743 0 
[I81 - 200 

-250 
Ni-AI 0.073 613 0 
1191 0.105 673 0 . .  

823 0 

663 -238 
767 -229 
797 -225 
65 -146 

651 -145 
795 -147 

1188 -258 
1300 -249 
1341 -294 

42 
44 
45 

-18 
-18 
-18 

8 
-121 
-109 

27 -22 
29 -22 
29 -22 
0 -7 
0 -7 
0 -7 

-186 -13 
-251 -35 
-256 -12 

-19 
-19 
-19 
- 14 
- 14 
- 14 
131 
61 
48 

15 -9 8 
15 -9 8 
1s -9 8 - _ _  - _ _  _ _ _  
80 42 -11 
38 105 -21 
41 116 -26 

-8 
-8 
-8 
- 
- 
- 
-10 

10 
-34 

0 0.2 0 . 4  0.6 
x 

Figure 1. Phase diagram of the FCC alloys Ni,.,Fe,. Broken curve: results of Rossiter and 
lago [29], full curve: calculated using V, from the second line of table 1. chain curve: 
calculated using V. from the third line of table I ,  

effect only, then the changes of V, in Ni, -Fe ,  under the L1,- and Llo-type orderings 
are estimated to be off by about 10-20%. 

Therefore, the variations of V. in the FCC alloys Nil -,Fe, with both x and orderings 
are apparently not large, which may reflect the similarity of the electronic structure of 
the constituents. The presence of noticeable three-site interactions can be connected 
with the itinerant magnetism of these alloys, i.e. with some non-pair collective effects. 

In estimating V, for the FCC Ni-AI system we used the so-called ‘5’ version of the 
CFM. It exceeds in accuracythe ‘&version describedearlier[ll] taking intoconsideration 
all the five-site clusters in which any two sites are connected with at least one chain of 
nearest neighbours. For the model of the A3B alloy with pair interaction of nearest 
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neighboursonly, Vy = V, the temperature oftheLlZ-typeorderingwithinthe3approxi- 
mationisT, = 0.41, V,while theMonteCarlocalculations[19]yield: T, 0.45 V. When 
the ratio T/V grows, the accuracy of the CFM rapidly increases [ll. 121, thus for the Ni- 
AI alloys, where Tc/V > l ,  it must be sufficiently high. 

Estimates of V,, from the SRO data [20] for the disordered y phase of the Ni-AI alloys 
are presented in table 1. The potentials V, were supposed to be pairwise (in accordance 
with the available estimates for nonmagnetic alloys [2. 31) and we assumed only ten 
Vy , with the smallest R,ivalues, to be non-zero. If we assume only five Vy # 0, then, for 
example,intheeighthlineoftablelweobtain V: = (1466, -221, -121, - 2 3 5 . 4 8 )  K, 
which is close to the results of the inverse Monte Carlo method [20] for the model with 
four V: # 0: V: = (1439, -216, -137, - 2 5 3 , O )  K. This confirms the high accuracy of 
the 5 approximation in  the problem under consideration. 

this may 
indicate 16,111 the adequate accuracy of the SRO data used [20], in spite ofthe difficulties 
in subtracting the background as discussed by the authors. Variations of V, with x 
between x = 0,073 and x = 0.105 do not seem to be significant and may lie within 
experimental error. 

In describing thermodynamics, we proceed from the expression for the free energy 
F (per atom of alloy) that neglects all the anharmonic effects I211 

Here the configuration-independent term F,, corresponds to terms with V,and V, in (l), 
Fcunt is the configurational contribution to F ,  and Fph, the phonon contribution. To 
estimate the concentrational dependence of Fph we employ the Debye model and data 
[ a ]  on elastic constants C, in Ni, .rAIx, which reveal very small changes of C, between 
pure Ni ( x  = 0) and the L12-ordered y' phase Ni,Al (x  = 0.25). If we assume the x 
dependence of the Debye temperature 8 in this interval to be linear. then data [22] yield 
S ( x )  = 459(1 + 0.072~) K. This corresponds to negligibly smalt variations of Fph with x 
in both the y and y' phases. 

The main interactions VT for Ni,-rAlx in table 1 are almost constant with 

F =  F&) + F,&, T )  + F&. T ) .  (8) 

The function FCi(x) was interpolated by a polynomial [16] 
AE,(x) = K:(X) - F,i(O) = &U' + bx. (9) 

Values of a and b in the y phase were estimated from the thermodynamical data [U] 
using F,&, T )  calculated with V, from the eighth line of tabte 1 (assuming that they 
donotchangewithx). Thisgavea = 39173 Kandb = -17483 K.Thisestimateimplies, 
in particular, that the x dependence of F is mainly determined by the F,, term. For 
example, at x = 0.19, T = 1633 K we have pCi = aF,/Jx = -9962 K and pmnf = aFmnf/ 

If we now assume that the estimated V,,, a and b values in Ni, -*AIx at x s 0.25 do 
not change with either x or ordering, then the calculated phase diagram y-y' disagrees 
significantly with the observed one, see figure 2. This may correlate with the noticeable 
changes of electronic structure in these alloys: according to calculation [24]. the form of 
N ( E )  in the vicinity of the Fermi level in Ni,AI differs significantly from that for pure Ni 
(see. e.g. [ E ] )  which may result in considerable changes in V ,  [6,7]. 

To obtain an idea of the scale of these changes, we made illustrative estimates using 
only the phase diagramandlong-rangeorderdata forthe y' phase [26-28]. Let usassume 
that the AFCi term in this phase has the form not of equation (9). but 

Here 7 is the order parameter related to the AI concentrations c i ,  in sublattices a and 

ax = 934 K. 

AF&, 7) = F&, q )  - F(0,O) = $AX' + BX + C f D x ~ .  (10) 
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Figure 2. Phose diagram of the FCC alloys 
Ni,-,Alr Broken cuwe: experimental results 
from [26] and 17-71, chain curve: calculated using 
AFC,fromequation(9)and V,,from theeighthline 
of table 1 for bath the y and y' phases, full CUNC: 

calculated using AF. and Vn for the y' phase 
changed as described in the text. 

' 

b ,  occupied predominantly by Ni and AI atoms, as cXI = x(l - q) and c$ = x(l +377). 
Equation (10) may be considered as an expansion of AF,, in powers of the parameter 
1 - 11 which issmall in they' phase [28]. Furthermore, v'i forthe not-nearest neighbours 
are supposed to be the same as in eighth line of table 1, while those for the nearest 
neighbours were chosen to be Vob = 2500 K and Vu' = 1000 K .  Then the D value in (10) 
was fitted to the observed q 3 0.7 at x = 0.24, T = 1633 K [28]; afterwardSA, Band C 
were fitted to the phase diagram data [26, 271. This gave (in K), A = 71322, B = 
-29618, C = 1750 and D = -213. Thus, the form of 4F,(x, q) in the y' phase differs 
noticeably from that in the y phase. 

The resulting phase diagram is shown in figure 2. Note that the choice of Vob in the 
model used is restricted (V"" is less important due to smallness of 1 - q): at VRb 3 3000 
the q value always exceeds the observed q = 0.7, while at Vab < 2000 coefficients in 
equations (9) and (10) differ too strongly. For example, at Vab = 2000 we obtain: 
A = 113000. 

Let us comment on other estimates of V,, in Nil -xAIx. Sigli and Sanchez considered 
only one potential, V = 3890 K, and the same 4Fci in both the y and y' phases,, but their 
model does not describe the SRO data [ZO]. Cenedese et a( [29] estimated V: from the 
data [20] using a combination of the CVM and Bragg-Williams method. However, they 
did not consider the thermodynamic data [23] and the 4FCi term; in addition, their 
calculated phase diagram disagrees with the observed one in a number of significant 
details. 

Thus, the configurational potentials in the Nil -xAIx alloys appear to vary noticeably 
withx and/or the ordering, which may be connected with the aforementionedsignificant 
changes of the band structure. Since, however, this conclusion is based mainly on the 
analysisof the SRO data [20], thefurthersRomeasurements for Nil -filz, and in particular 
those at larger x ,  x > 0.1 and those obtained using the neutron scattering methods [6], 
seem to be higbly desirable. 

The authors are much indebted to  N E Zein and S V Beiden for numerous discussions, 
as well as to Dr P Cenedese for valuable information about details of his work [19] and 
P I .  
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